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RATIONAL EDGED CUBOIDS WITH EQUAL VOLUMES AND 

EQUAL SURFACES. 



By L. E. DICKSON, The Unirersity of Chicago. 



1. In the Bulletin, May, 1909, p. 401, Professor Kasner proposed 
the problem to find two cuboids (rectangular parallelepipeds) with equal 
volumes and equal surfaces, and in which the dimensions are all integral. 

The problem is to find two distinct triples of integers such that 

(1) xyz=x'y'z', xy+xz+yz^x'y-\-x'z'+y'z'. 

I shall prove that each integer must exceed unity and that the volume 
xyz must be the product of five or more primes. Among the solutions which 
I obtain, the simplest are 

(2) p, p, i(p+l)p'; v\ P\ Mp+1) (p odd), 

(3) p, {p+l)q, {p+Dip+l-q); p+\, {p+l)p, qiv+'^-q) (l<9<p), 

in which q—r and q—p+l—r give the same sets. While for (3) the volume 
contains at least six primes, for (2) there may be only five primes, for 
example, 

(2') 3, 3, 18; 9, 9, 2. 5, 5, 75, 25, 25, 3. 

The simplest examples under (3) are 

(3') 3, 8, 8; 4, 12, 4. 4, 10, 15; 5, 20, 6. 

Generalizations of (2) and (3) are given by (9) -(10) and (16) -(17). 

The only solutions in which xyz<2QQ are the first solutions under (2') 
and (3'). 

In §§7-9, I show that for three rational edged cuboids with equal vol- 
umes and equal surfaces, the volume is the product of six or more primes, 
that no two of the triples are of the type p, , ps, PaPiPaPa, and that the cases 
in which two of the triples are Pi, ps, PzP^PsPe and Pg, PiP2, p^p^Pe are 
excluded. 

2. Theorem. Two triples are identical if they have an element in 
common. 

ltx=x', equations (1) reduce toy z—y'z, y+z=y'+z. 

3. Theorem. In any solution each integer exceeds unity. 

Two sets with equal products and having an element unity must be of 
the form 



108 

(4) 1, JiJiJs, /4/5/e> JiJit JiJst J»Je' 

Denote the corresponding surfaces by 2Si and 2Sg. Then 

First, let eachyi>l. Since the substitution (12) (45) leaves the triples 
(4) unaltered, we may set ft, =h- 

Now (/-I) (/—I) 5 1, so thatM ^fi^fj. Thus 

f\'-f« >fif'i fife (/s+Zs) ^/sA/e ( f\ +/j) +/i /a/s (A+Ze)- 

Also/s/4/e/2 ^fJzff,fe. Hence A...fe>S„ S^ >S,. 

Second, let a single /i be unity. We may set/g=l, /g ^/i. Then 

/i"-/e =/i/2/6(/4+/e) =fif2fif5''rf5fa{fi+fi) ^Sz, 

since /i /b /e ^/, /4 /e . Hence Sx > S. . 

Third, let at least two f equal unity. If two such/'s belong to the 
same product in (4,), we may set/a=/s=l. Then 

S^=f^ ^fifsfe'^fl f4f6fe>fife'^fifi{fi'^f«), Si >S3, 

if /a >1, /6>1- If /6=1 or /e=l, the triples have the common element 1 
and are identical by §2. Next, let the two/*s which equal unity belong to 
different products in (4,). A case like/3=/e^l is excluded by §2. Hence 
we may set f» =1, A =1- Thus 

Si S2=/j/6(/i fi~f-i "/e) '^fifi'Tf^fe—fifa. 

If f, >1 or A >1, Si -S, > (AA-l) (A/e -/, -A), so that S,-S, >0 un- 
less A =1 or fe=l. In the latter case the triples (4) have a common element 
1. The same is true in the remaining caseA=A=l. 

4. Theorem. The volume must contain at least five prime factors. 

By §3, each element exceeds 1. Hence there occur four or more 
primes. If there are just four primes, the triples without a common 
element (§2) may be designated 

(5) Pi, Pi, PsPi-, Pi, Pi, P^P2, 

P4 being the greatest p, and Pi ^Pi. Then Si +PiP2P3Pi=S2+PiP2P3P4. 
may be written 

PlPi (P3 -1) (Pi - l)=^PiPi (Pl -1) {Pi —1) . 
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Hence Pi=Pi, so that the triples (5) are identical by §2. 

5. For five primes, each triple must be of the form (1, 1, 3) or 
(1, 2, 2), the notation indicating the number of prime factors of each ele- 
ment. Consider first 

(6) Pi, P2, PiPiPf,; Pi, PxPi, PiPi, 

where p, ^Pi. From Sj +Pu..P5=Si-]-Pi...Pi, we get 

PiP^ (Pi-1) (PiPi -1) =PiPiPi (2)i - 1) (2)2 - 1) . 

Hence pi divides PsP^Ps- But p, 5^3)3 by §2. Since (6) is unaltered by the 
interchange of p^ and p^, we may set p, =3)4. Thus 

(7) P2(P3-l)(PlP6-l)=P3P5(Pl-l)(P2-l) (Pl^Pi). 

If ps does not divide Pi -1, then Pz—p^, and (7) becomes 

(8) pAPi+P2-2)^=PiPi-l, (P3-l)'=(?>i-Ps)(P2-?)8). 

Let g be the greatest common divisor of p, —p<t=ga'~, P2—P!i—gb^. Then 
3)3-l=sra6, 

(9) Pi=--H-flra6+flra% 3)2=1 +sra6+fl(6^ p3=l+gab (a, 6 relatively prime) 
For these values we have the solution 

(10) Pu P2, P1P2P3; Pi, P1P2, PlP2- 

For a=b, then a=l, Pz=^-iip, +1) and (10) becomes solution (2). For 
the remaining cases we may set a > 6. Examples when the p's are all primes 
are (2') and 

a=2, 6=1, flr=2 or 6, Pi, p^, P3=13, 7, 5 or 37, 19, 13; 
a^S, 6=2, flr=10, 3),=151, 3),=101, 3)3=61. 

Next, let P2 divide Pi—1. Then (7) is equivalent to 

(11) pi-l^cpi, 3)3— l=A;p5, p^Pi—l=lpa, lk=cipi-l). 

From the second and third we eliminate 3)3 and see that l=—l+mp5, 
m=Pi —Ik. Hence by the fourth and first, m=l+c. Hence (II3) may be 
replaced by 
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(12) l=-l+{l + c)p,. 

Let g be the greatest common divisor of c and k. Then, by (II4), 

(13) c=gr, k—g.'i, l^=>'r, j)-— 1— -'■/^ (-^ and /^ relatively prime) . 

Set ^—gPi=i'. Then (12) becomes ■'•j" =235 ~1- We may thus eliminate Pf, 
and k 

(14) P5=H-ri», P2=l+^!'; p,=l+grP2, P3'='i-+gi'P6 (^•=g+p+gpr). 

For any positive integers g, p, r, !\ of which the last two are relatively prime, 
formulae (14) give values of the Pi leading to a solution* 

(15) Pu Pi, P.PhPs; Pi, P1P2, PtP6- 

For r=."=l, P2 = (l+flf) (1+/0 is composite. For r=l, /^=2, p=l, the 
least value of g giving prime p's issr=10andp5=2, Pi=A8, Pi=^431, P3=41. 
6. For two triples of type (1, 2, 2) , it suffices to consider 

(16) Pu p,Pi, PiP^; P2, PiPi, PsPs iPi>pr, Ps^^Pi, pr, p^y^Pt). 
Then Si=S3 gives p.PsP5(Pi—l)=0 (mod p,). If Pi^Pa, Si^Sj gives 

P^Pi+PiPs+P2P4P&=P2Pi+P Pf,+P^PiPf>^ 

Thus P4?>8(Pi— 1)=0 (modi Pi), sothatp8=P4. The middle terms in (16) 
would then be equal. This case is thus excluded by §2. Hence Pi=l 
(mod px). 

Next, Sx=Si gives PiP4P5(ps—l)=0 (mod Pi). First, letp^-l be 
prime to Pi, so that Pi—p%. Removing the factor P2 from Si=Si, we get 

pAPi-P3—Po)-=P3PoiPi-Pi-'i-)- 
Sincep2=l (modp,), P2-Pi-l=cpu where c is an integer ^^ 0. Thus 

(17) Pi=P. = (c+l)Pi +l=P»+P5+cpgP5. 

For c=0, we set Pi=p, Pa^Q and obtain solution (3); note that p oc- 
curs in the second triple if and only if ^=1 or p. 

•To show that these triples are distinct, it suffices to prove that p, does not occur in the second. But Ps< 
JiiPj. Pi <PiPs- H Pi—Ps, then 7Pi>=fPB. But v and >« are relatively prime, and y does not divide Ps by (14,). 
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Porc=l, 2(2>,+l)=--(p3+l)(?>5+l). If P8=2, thenp,=3A;-l, v,= 
2k— 1. The lowest values of k leading to prime values for each pi are 
A;=2, 4, 10: 

Pi, Vi, P2=5, 3, 11; 11. 7, 23; 29, 19. 59. 

The first gives the solution 5, 22, 33; 6, 11, 55. If Ps is odd, then 

(18) p,^2k-l, p,^k{p,+l)-l, p^^p,=2k(p,+l)-l. 
The Pi are all primes for k=2, P5=5, 11; A; =3, Ps=7, 13: 

P,, P„ Pu Pb=5, 3, 11, 23; 11, 3, 23, 47; 7, 5, 23, 47; 13, 3, 41, 83. 
For c=2, we have P3=3, P6=-3A;+1, Pi=-7k+3, or 
P3=3f+1, p 1=^+^5+2^255, or Ps=Sl+2, p5--3m+l, p,=6ZTO+3i+5»i+2. 

But for c even, the p's in (17) are not all primes if p, 7^2. 

In view of the variety of solutions obtained, further cases are not 
considered. 

7. Do there exist three distinct cuboids with rational edges having 
equal volumes and equal surfaces? We show that there is no solution 
in which the volume is the product of fewer than six primes. In view of 
§4, we consider the case of three triples of five primes pu Not all three are 
of the type (1, 1, 3). Let two be of type (1, 1, 3) and one of type (1, 2, 2) ; 
it suffices to consider 

(19) Pu Pi, PzPiPb', Pa, P4, PiPiPo', Po, P\Pi, PuPi, or Ps, p,P3, p.p^. 
In the first alternative, we reduce the <S, modulo Pi and get 

PiPiPiP-o=PsPi^Pi,PiPs (modp,). 

Since PiP-o is not divisible by Pi, 2)5=1. pi =1 (mod p,). Similarly p^ =1 
(mod Pi), contrary to the former. Likewise (I92) gives P3=l (modp,), 
j9, =1 (mod Ps) and is excluded. 

Next, let one triple be of the type (1, 1, 3) and two of the type 
(1, 2, 2); it suffices to treat 



112 

(20) {pu P2P3, PiP6', Pi, PtPi, PiP&; Pz, Pi, P^PiPi, or Pi, Ps, PiPiPn. 

But, in either case, we find that p^^l (mod Pi), p\ =\ (mod p^). 

Hence all three triples must be of type (1, 2, 2). Two of them may 
be taken to be the first two in (20), with p^^^Pi, Ps^-^Ps, Pit^Ps- Since 
these are unaltered by (12) (34), the third may be restricted to one of the 
three: 

Pi, PiPs, P2Pi; Pi, P1P2, PiPi] P6, PiPi, PiPi- 

The first case gives ^3 = 1 (modpa), P2=l (modps)- The second case 
gives ^2=1 (mod Pi), Pi=l (modp2). In the third case we may set 
Pi >pi ; then 

P,P*P6=PiPiPi=PiPiP5 (mod Pa), PiPiP6=PiP3PtP&=PiP3P& (modpj). 

If Pi=P6, then PiPsP4 is a multiple of ps, whereas Pi j^Ps, P2 s^Ps, Pat-^Ps- 
Hence P4P6(P2— Pi) =0, gives pg-pi^cps, c>0. Similarly, p^PiPiiPs—l) 
=0 (modpg) gives Ps^l (modpa), since P4=Pa would require PiPsPssO 
(mod Pi). Hence — p 1 = c (mod P2 ) . so that c^ps —p 1 . The former equa- 
tion Pi—Pi=cp3 is thus impossible in view of P8>1. There is no set of 
three triples involving fewer than six primes. 

8. Consider three triples involving six primes. If all are of type 
(1, 1, 4), they may be taken to be 

(21) Pi, Pi, P!,PiP5P»; Pa, Pi, PiPaPsJ'e; Ps, Pe, P^PiPiPi, 

withp3Pi>P6P9. By S2=S8, P3P4=P5P6+^?'iP2, 8>0. ButpiPjspsPe 
(modpsP4) by Sy=Ss. Hence 0=P5P6(1+^) (modp.,P4). Thus 5=— 1 

+^P3P4, «>0, 

P3Pi+PiPi=PiPi +^ PiPiPaPi. 

But PiPa.Pa?'* = (Pi +Pa) (Pi+P*) >PiP2+PsP4- Hence this case is 
excluded. 

Let two of the triples be the first two in (21) and the third of type 
(1, 2, 3). Since the former are unaltered or interchanged by (12), (34), 
(56), (13)(24), the third may be assumed to be Ps, PiPa, p»PiPe; or Ps, PiPs, 
P2P4P6; or Pb, PiPe, P2P3P4. The first yields P2=l (mod p,), p,=l 
(mod P2) ; the second, Pa si (mod Pi), Pi =1 (mod Ps). For the third case, 
S, =83 gives 
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(22) P^Pi=P3Pi+^P6Pe, '^+PlP3Pi+PiPaP4.=P^P.P3+PlPiP4, 

while Si==Sa gives p^Pe^Pz (mod pspj- Thus 8=p^ (mod PxPt), by 
(22,). Then {222) gives Pi =p,p.iiPs+Pi), Ttiod PaPi- Hence 

(23) i^PiiPs+P^) +lPsPi (i negative integer). 

But PiPApiP&P6^PsPi=P\PiP6 {mod Pi). Thus PiPsPe^h ^3^4 = 1 
(mod ps). Hence in (23), 1=1, l—l—mpi, m>0. Thus (23) may be given 
the form 

pA(m-l)p3Pi—p^-p^]+P2P;P4=PsP4-l. 

But if m>l, the quantity in brackets is positive and the equation impossible. 
Hence m=l, and (23) becomes 

(24) P2(PsPt-P!i-P4,)=P»Pi-'i-. 

Since pg~2, the first member exceeds the second if {pa—2){pi—2)>S. 
Since (34) leaves each triple unaltered, we may set ps ^ p^. Hence, there 
remains the cases 

P3==5, P4=3; P3=2?4=3; P4=2. 

Por?)3=5, ^4=3, wehavep2=2, Si^lb+lGp^p^p^, So=30p5+30pi2)e 
+P\P5P6- Hence S.. =Ss gives (p^Pe —2) (^jg -2) =3, p,pa -=5 or 3, which is 
impossible. For ^,=^4=3, (24) gives Spi—8. Hence must Pi=2, 
Pi (p3— 2) — 2^)3— 1. Thus Ps ^ 3, and the first member exceeds the second 
if ^8 >5. Hence p^ =5, Pi =3, or Pa =3, Pi =5. For the first, 2Si =283 be- 
comes {2pt—S){2piPe-S)==7, whence p,P6=5 or 2. For the second, 
4Sa=4S3 becomes (4piPo -5) (ips -5) ^21, whence p,Pe~S or 2. 

Next, let two of the triples be the first two in (21) and the third of 
type (2, 2, 2). The latter may be assumed to be PiPz, PsPi, PsPe', P\Pi, 
PiP6, PiPe) PtPx, PiPi, PiPel or p,ps, PiPi, PtPe. The first two and the 
last two are excluded by the argument excluding the first and second cases, 
respectively, at the beginning of the preceding paragraph. 

Hence at most one of the three triples is of the type (1, 1, 4). 

9. Let two triples be Pi, p,, PiPtP^Pa and p^, P1P2, PtP&Pe. Adding 
Pi...Pa to Sf and S^ and equating the sums, we get 

(25) PyPAPz-l)iPiPtP^-l)^P3P4P-oPdPx-l){P2-l). 
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We may set P2=Pu Vi t^Ps- Hence p-z divides PiPsPe. so that we may set 
P4=^P:;. Since ??4P5J'6-l>P5J'e(P8-l), we have vAV3—l)<Pzi.Pi-'^), 
p, >P3. B.encepi>p3. If the third triple is of type (1, 2, 3), it may be 
taken to be p^, p^p^, pip^; Ps, PiPe, P^Pb] Pt, P^Pa, PiP^Pe', Ps, Pi, 
PiPiPe; P6, PiPs, PiPiPs', orps, PsPe, p^pi. Now Si is a multiple of Pi, 
so that Ss must be. Hence for the first case, p^PiPt is a multiple of p^, 
whence pi=j)2. Then S, is a multiple of pi, so that Si must be; hence 
2)3^6=0 (mod Pa), which is impossible. For the second case, PiPf,Pe=Q 
(mod Pa). If Pi=Pii, Si=0(modp/), so that by Ss, P6=P2. In any 
event, p^^Pi and the second and third triples have PiP2=PiP6 in common. 
For the third case, Si=S.i gives PiP»='Pi+^PsPe, whence ^='^Pt; while 
^1=58 gives PiP2=PiP2P5P6, PsPe^l (mod Pa), P5P^>P%. Forthe fourth 
case, Si =83 mod Pj gives PiPaPePa =0 (mod Pz). If Pi=P2 the second and 
third triples would have a common element. Hence P2=P6. By(25),p6P6 
must divide pi (pg— 1). But Pi >Ps —1. Hence p^ =Pe requires Pi=Pa. 
For the fifth case, Pi ?^P6 by PiPg and PiP^. Removing the factor ps from 
the S's, we see that P2P8P5Pa=P3P«Pe=P5Ps (mod pi), Ps^l (modpi), 
contrary to P3<Pi. Forthe sixth case, SisSi (modps) gives P3P6P6=0 
(mod Pi), P6=Pi- As in the fourth case, Pi=P2. Then Si, but not S3, is 
a multiple of pi. 

If the third triple is of type (2, 2, 2), it may be taken to be 

pi, PiPs, PiPa] pi, P1P5, PsPe; P2P3, PiP6, P^Pa', Or P2P5, PiPb, P^Pi- 

For the first two cases, PiP^Pa and 81 = 83 (mod P2) gives Pe=P2, contrary 
to the above. The third case is excluded by Pa^l (mod PbPb), P5P8 = 1 
(mod Pa) ; the fourth by Pi =1 (mod Pa), pg =1 (mod p, ). 
The University op Chicago, May 16, 1909. 



NOTE ON SOME POLYNOMIALS RELATED TO LEGENDRE'S 

COEFFICIENTS.* 



By R. D. CARMICHAEL, Annlston, Alabama. 



The object of this note is to point out some properties of a class of 
functions which contains Legendre's coefficients as a special case. It will 
be seen that the former possess some interesting properties belonging to the 
latter. 

1. Consider the definite integralt 

"Presented to the American Mathematical Society, April 24, 1909. 
t0f . Goursat-Hedrick, Mathematical Analysis, Vol. I, p. 173. 



